This paper adapts a structure preserving model to on-board power plants. The model, originally developed for land-based power systems, is expanded for the larger frequency range allowable to on-board plants. State-space equations are developed from first principles and transformed to a form suitable for analysis and computer implementation. Recommendations for parameter selection are given. An example plant scenario is simulated both in the proposed framework and in a higher fidelity model for comparison.
INTRODUCTION Dynamic Positioning Vessel Power Systems
A dynamically positioned vessel automatically maintains its position (fixed location or predetermined track) exclusively by means of thruster force [1] , counteracting the effect of ocean currents, waves and wind. Dynamic positioning (DP) is beneficial for applications ranging from cruise ship tourism, through oceanographic mapping, underwater cable laying and other subsea installation, to deep ocean mining and offshore drilling. Propellers driven by electric motors offer swift response suitable for DP and are thus preferred to conventional mechanical propulsion. The electric power traditionally stems from generators driven by combustion engines, known as gensets, which may also supply other electrical loads. Taken together, these producers and consumers constitute an independent power system.
The on-board power system differs both from centralized grids, and from disconnected, autonomously operating microgrids: a larger span in voltage and frequency variation is accepted for DP vessels than for such land-based power systems. For instance, deviations within ±2.5% of the nominal voltage and ±5% of the rated frequency are allowed in steady state [2, Pt. 4, Ch. 8, Sec. 2, A200]. For comparison, the Norwegian grid frequency is allowed to ±0.2% fluctuation in normal operation [3] .
Environmental and economical concerns drive the development of new technologies for on-board power systems. On one side, diversifying the producers opens for exploitation of complementary properties and additional features are introduced by means of energy storage devices. On the other hand, the control system remains central to ensure cost-effective and safe operation, especially with increased plant complexity. This is reason to investigate possibilities for improved control design.
Bergen and Hill's Structure Preserving Model
The structure preserving model (SPM) presented by Bergen and Hill (B&H) [11] , and later refined by the same authors [12] , was created for analysis of bulk power systems. It differs from the so-called classical model for power system analysis in that it does not absorb the loads into the bus admittance matrix. Instead producers and consumers are modeled as nodes in a graph. Each node has a voltage magnitude and an angular velocity corresponding to the frequency of their voltage. This approach provides better representation of the plant topology and allows explicitly accounting for the power in the analysis.
Four important elements of the B&H SPM are the network representation, the power flow calculation, the producer and load dynamics, and the topological Lyapunov function. The first three grasp the power to velocity to phase angle to loading connection mentioned above.
Objective and Contribution
This paper sets forth to propose a DP vessel power plant frequency model which 1. respects the causality from genset torque input to load, 2. preserves the network topology, and 3. covers significant frequency deviations.
The resulting control design model is an adaptation of the B&H SPM. It possesses the described properties and may be useful for model-based control design.
STRUCTURE PRESERVING MODEL
The proposed model relies heavily on the network representation, power flow calculation, producer and load dynamics from B&H. These elements are first developed in terms of absolute angles, then transformed to relative angles and finally normalized to per unit.
Absolute Angle Model
Network Graph Representation Considering the power system as a graph with transmission lines as edges, the vertices are generators and switchboards. Loads connected to one switchboard can either be included in the corresponding switchboard node or represented by vertices of their own. Loads supplied by multiple switchboards must be separated as independent nodes.
For a system of n 0 vertices, of which m are generators, B&H [12] propose numbering the non-generating nodes i = 1, · · · , n 0 − m and the generating nodes
Lines are numbered k = 1, · · · , l 0 with direction defined as from the highest to the lowest vertex number for each node pair. For later development of the augmented incidence matrix (Eqn. 2), it is advantageous to enumerate the lines starting from the lowest available node pair, thus numbering lines from the generating nodes last.
The graph can be represented by the n 0 × l 0 incidence matrix A A A 0 whose (i, k) th element a ik is defined by [13, Sec. 9 .1]
1, if branch k leaves node i, −1, if branch k enters node i, and 0, if branch k is not incident with node i.
Further, B&H propose modifying the generator representation to include two nodes: one for the terminal voltage and one for the internal voltage. In this way, the rotor angle is added to the model, thus making the torque angle available. The modification is achieved by adding m internal voltage nodes with m lines connecting to the generator terminal nodes. The augmented network counts n = n 0 + m vertices and l = l 0 + m edges. If the lowest numbered terminal node is connected to the lowest numbered internal node, and so on, the n × l incidence matrix is
where 0 0 0 x×y is the x × y zero matrix and I I I x is the x × x identity matrix.
Network Power Flow
The power transferred to a receiving node i from a sending node j through a short, lossless, threephase, alternating current (AC) line k is [14, Ch. 6 
where X k is the line reactance, V i and V j are the receiving and sending node phase voltage magnitudes, respectively, and δ i and δ j are the receiving and sending node voltage phase angles with regards to some common reference, respectively. The total power flow to node i from all the network nodes from which i has connections summarizes to
where it is assumed that branch k connects buses i and j. X k can be considered infinite if there is no line connecting a given pair (i, j). The vector of all power distributed to all network nodes is
where δ δ δ is the vector of n phase angles, and g g g (·) is a vectorvalued function which outputs the l line power flows. The elements of g g g (·) are
where σ k = δ i − δ j is the line angle difference. The vector of l line angle differences,
in Eqn. 5 is also relevant for later development of the power flow function f f f (·) in relative angle variables (Eqn. 22).
Node Angle Dynamics A load consuming power around an operating point P 0 , shows a frequency-dependent deviation in real power drawn from the network [14, Eqn. 11.6]
where ∆P used = P used − P 0 is a small power deviation about the operating point, D is the load-damping constant, and ∆ω = ω − ω 0 is the deviation from the working point frequency ω 0 . This observation is key to B&H's model [11, Eqn. 1] . Solving Eqn. 8 for the frequency yields
Applying ω =δ , Eqn. 4, and assuming that the working point frequency is the same as the network frequency ω net , the load node angles abide
where D i is the damping coefficient and P i is the power used by the load. It is assumed from here that Eqn. 10 is applicable also for larger deviations in power. The generator terminal nodes are represented by the same principle as the loads:
However, for these nodes, no power is consumed locally. The generator internal voltage node angular velocity iṡ
where ω i is the electrical angular velocity of the rotor. This velocity is determined by adapting Newton's second law to rotational motion:
where J i is the combined inertia of the generator rotor and the engine shaft, ω m,i is the mechanical angular velocity, τ i is the mechanical torque that the engine applies to the shaft. The last term corresponds to the generator torque, where 3 accounts for the three phases and the power is divided by the angular velocity. 
where p i is the number of poles and ω i is the electrical angular velocity. Thus, Eqn. 13 in terms of electrical frequency is 
where δ δ δ n 0 is the vector of n 0 load and terminal angles, δ δ δ G is the vector of m internal angles, δ δ δ = δ δ δ n 0 , δ δ δ G T , ω ω ω G is the vector of m velocities, P P P is the vector of the power injected 1 
, · · · , p n is the diagonal matrix of pole numbers, B B B 1 = I I I n 0 0 0 0 n 0 ×m and B B B 2 = 0 0 0 m×n 0 I I I m are matrices suitable to produce power flow vectors corresponding respectively to the n 0 first and the m last nodes, and e e e n 0 is the vector of n 0 unity entries.
Relative Angle Transformation
The states of Eqns. 16-18 grow to infinity at a rate of about ω net during normal operation of the system. The representation is therefore unfit both for stability analysis and computer implementation. 1 For consumed power, the injected power is negative.
B&H propose transforming the states to internodal angles referred to the n th generator,
A similar approach has been proposed for marine vessel power plants [10, Sec. 2.1.3], since the frequency cannot be assumed to be equal to rated or even constant. The transformed state vector is . . .
where the α α α G subvector has one element less than δ δ δ G , i.e. m − 1.
The power flow in terms of the new states is still calculated from the line angles which are now available through [11, Eqn. 5]
where A A A red is the reduced incidence matrix achieved by removing the row corresponding to the datum node, i.e. the n th row, from A A A. Thus,
where f f f (·) is redefined for the new state vector.
To obtain a state-space model, the internodal angle subvectors of Eqn. 20 are differentiated. For the physical network
De e e n 0 ω net − e e e n 0 ω n rad/s, (23) where Eqns. 16-17 are substituted for the angle derivatives and the power flow is updated according to Eqn. 22. For the generator internal angleṡ
again inserting Eqn. 17. The system description is completed by including the generator velocity,
where Eqn. 18 is updated according to Eqn. 22. Assuming that ω net = ω n , Eqn. 23 reduces tȯ
which is utilized from this point on, since the network frequency is not readily available.
Per Unit Normalization
To minimize computational effort, simplify evaluation, and facilitate understanding of system characteristics [14, 
For this model, it is assumed that the total rated three-phase capacity S R , the nominal line-to-line voltage V R , and rated frequency f R of the plant are known. The phase voltampere base is then
The line-to-neutral voltage is considered as the base, thus
The line current base follows directly [18, Eqn. 6.9]:
The impedance base is also dependent, by Ohm's law:
The electrical angular velocity base is
The electrical torque base is
where the total rated three-phase capacity is considered since all phases contribute to the shaft load. The following derivation also applies the vector form of Eqn. 14 for the rated mechanical and base electrical velocities,
where ω ω ω R m = diag ω R m,n 0 +1 , · · · , ω R m,n is the diagonal matrix of rated mechanical velocities.
Dividing Eqn. 26 by S B giveṡ
where P P P and f f f (·) are now per unit. Accordingly, the voltages and impedances of f f f (·) are also per unit.
No change is done to the already dimensionless Eqn. 24. Dividing Eqn. 25 by τ B results in
where f f f (·) is now per unit. Multiplying Eqn. 36 by 2p p p −1 and substituting Eqn. 34 on the left-hand side gives
The two preceding steps, indeed correspond to dividing each machine of Eqn. 25 by a machine-specific base torque [14, Sec. 3.4.1, 15, Eqn. 2.12]
N·m. 
where the torque input from each generator is now given in plant per unit according to
where τ pu,i is the machine torque output in machine-specific per unit, with machine-specific torque base
where S R i is the machine-specific rated power. Finally, the state-space model composed of Eqns. 35, 24 and 40, can be summarized aṡ
where 
where the line power flow elements are
A shaft damping term, −d i ω i , may also be added to Eqn. 44. For negligible resistive losses, this assumption is justified. In the opposite case, power corresponding to the losses can be modeled as shunt loads drawing from the nodes.
Discussion

Comparison to Bergen and Hill
B&H's analysis model determines an equilibrium angular velocity ω 0 and assumes constant injected powers P 0 i at all nodes. Then, the system is transformed with respect to these constants. The proposed model does not explicitly require a known velocity equilibrium and allows the injected power to vary.
In accordance with first principles, the generator internal velocities in Eqn. 44 are accelerated by torque. Approximating the per unit torque to the per unit power, as done by B&H, is only common when considering nearly constant velocities since the values are then numerically nearly equal [15, Sec. 2.2] .
In contrast to B&H, the last column of T T T 2 is not −e e e n−1 and there is no guarantee that P n = ∑ 
SIMULATION EXAMPLE
The Marine Full Electric Propulsion Power System example [19] describes a power system with two generators, propulsion and hotel loads as illustrated in Fig. 1 . The plant is subject to a sequence of events during a 70 s scenario. While the documentation does not explicitly state whether the vessel has DP capacity or not, the plant configuration is appropriate for investigation: the prime movers have different ratings, pole numbers, and inertia. Also, the power consumption fluctuates over a large range.
The original example is implemented in Simulink [20] with the Simscape Power Systems component library. A corresponding plant is here simulated through the same scenario in the proposed SPM framework. 
Modelling
The system is implemented as the SPM of Eqns. 43-44. The components are grouped into the following nodes:
1. Bow consumers 2. Aft consumers 3. Diesel genset 4. Gas genset The network cables are condensed in the incidence matrix 4 nodes
Thus, n 0 = 4, m = 2 and l 0 = 3. The augmented network structure, corresponding to A A A, is shown in Fig 2. The network voltages are set to unity and the internal nodes are assigned ad hoc voltages. Reactances are converted from the Simscape example. The gensets have droop control, as in the Simscape example,
where τ ref,i is the load reference setpoint, R i is the percentage droop, and ω R pu,i is the speed reference. Time series for the power consumed at the nodes 1 and 2 are obtained by multiplying the measured voltage and current at the corresponding points of the Simscape example. The cable losses are determined similarly. The aft and bow losses are added to the corresponding node loads. The midship cable loss is split equally between the nodes. The simulated loads are shown in Fig. 3 .
The Appendix provides parameter and setup details.
Results
The electrical frequencies of the gensets are shown in Fig. 4 . The figure also includes the Simscape output as dashed lines. The frequencies increase for decreased load and vice-versa, in accordance with the droop control law. The gensets remain in synchronism. Closer inspection of the step event in Fig. 5 reveals that the smaller diesel genset oscillates about the more damped response of the larger gas genset, as in the Simscape simulation. Figure 6 shows that the power delivered by each genset corresponds to a scaling of the load time series according to the capacity of each genset.
Evaluation
Comparing the SPM model output to that of the higher fidelity Simscape model gives an indication of the validity of the model. Here, a residual, 
is considered. The investigated outputs are the frequency and power outputs. The residuals' mean and maximal absolute values,
are listed in Tab. 1. The first 5 s are disregarded due to initialization transient effects. The SPM frequency deviations from the Simscape output are less than 1% of the rated frequency. The error is largest during transients and otherwise significantly closer to zero, as seen in Fig. 7 .
The error in power output reaches close to 20% of the rated power. However, Fig. 8 shows that such significant mismatches only occur at load changes and rapidly fall towards zero. The mean error is less than 1%.
Both the genset frequency and power show a steady-state offset. Since the real power consumed is the same in both simulations, the supplementary power produced in the SPM is most likely drawn due to the network representation.
CONCLUSION
The proposed SPM, Eqns. 43-44, stems from a combination of established power system models and derivation steps. Assumptions are done to allow for large ranges of frequency deviation and power fluctuations characteristic of DP power plants. The model allows straightforward implementation, as demonstrated for the simulation example.
Although a finite number of simulations or experiments cannot validate a model, the simulation example strengthens the hypothesis that the proposed SPM catches the main physical properties of the frequency dynamics of an on-board power system and thus is fit for further control design research.
APPENDIX Parameter Conversion
Synchronous machine data furnished by the manufacturer is usually per unit with machine-specific bases. For system studies, as here, these must be converted to the system bases.
The machine-specific per unit inertia constant H mach,i is converted to system base according to [15, Eqn. 2.19] 
The machine-specific per unit reactance X mach,i is converted to system base according to
where Z B i is the machine-specific impedance base.
Simulation Setup Parameters
The generator parameters are listed in Tab. 2. It follows that S R = 35 MVA. The rated voltage is V R = 4160 V. The rated frequency is 60 Hz. The inertia constants are converted to system base according to Eqn. 52 to create Software Simulations are performed in MATLAB 8.5.0.197613 (R2015a). For the SPM, the ode45 (DormandPrince) solver with 0.0001 s max step size is used. For the Simscape example, the ode23t (mod. stiff/Trapezoidal) solver is used with 0.005 s max step size.
